Abstract: This paper investigates the in-plane free vibrations of multi-stepped and multi-damaged parabolic arches, for various boundary conditions. The axial extension, transverse shear deformation and rotatory inertia effects are taken into account. The constitutive equations relating the stress resultants to the corresponding deformation components refer to an isotropic and linear elastic material. Starting from the kinematic hypothesis for the in-plane displacement of the shear-deformable arch, the equations of motion are deduced by using Hamilton's principle. Natural frequencies and mode shapes are computed using the Generalized Differential Quadrature (GDQ) method. The variable radius of curvature along the axis of the parabolic arch requires, compared to the circular arch, a more complex formulation and numerical implementation of the motion equations as well as the external and internal boundary conditions. Each damage is modelled as a combination of one rotational and two translational elastic springs. A parametric study is performed to illustrate the influence of the damage parameters on the natural frequencies of parabolic arches for different boundary conditions and cross-sections with localized damage. Results for the circular arch, derived from the proposed parabolic model with the derivatives of some parameters set to zero, agree well with those published over the past years.
Introduction
Curved beams represent fundamental components of many engineering structures such as bridges, roofs, vaults, underground galleries, etc. Therefore, the study of their static and dynamic behaviour has attracted considerable attention in the scientific community. Nowadays, investigations on this subject involve both theoretical formulations [1] [2] [3] and practical applications [4] [5] [6] [7] [8] .
Many researchers have approached the issue through numerical methods, which were mainly based on finite elements, Rayleigh-Ritz, Galerkin, and cell discretization, see [9] [10] [11] [12] [13] [14] [15] , among others. In this work theoretical and numerical approaches are given.
In order to obtain a computationally efficient and accurate solution for the free vibration of multi-stepped and multi-damaged parabolic arches, a Generalized Differential Quadrature (GDQ) formulation has been developed. The present numerical approach is well known in literature for its high accuracy, stability and reliability. For further details on this subject the interested reader is referred to [16] [17] [18] [19] . The analysis of curved beams has been a subject of considerable research interest over the years. However, to the best of the authors' knowledge, very few researchers have investigated damaged parabolic arch structures, one of them being [20] . The majority of the cited works are limited to circular arches, despite of the wide diffusion of parabolic structures in civil engineering practice. Furthermore, most of the studies on vibration analysis of damaged arches have been confined to structures having only one notch.
Since the aim of this work is to extend the results found out in [21] for circular arches, free in-plane vibrations of undamaged and multi-damaged parabolic arches are studied. In both cases, the stepped parabolic arch is divided into a number of arches with constant crosssections. For the damaged arch, elastic hinges at the notched sections are also introduced. Consolidated structural software (such as ABAQUS and Straus7) was used to validate the in-house formulation.
The governing equations of the arches include fourth and second order partial differential equations (PDEs), for-mulated for the first time both in standard and mixed variational forms in [22] .
Herein, starting from the kinematic hypothesis for the in-plane displacement of the shear-deformable arch, the equations of motion are deduced by using the Hamilton principle. Afterwards, the influence of notches on the formulation is investigated, starting from the well-known concept that damage in a structure introduces local flexibility.
The notch is modelled as three massless elastic springs, the damage being located at the cross-section level. Each spring connecting two arch portions is supposed to have axial, normal and rotational elastic stiffness that allow discontinuity in the axial and transversal directions, as for rotation. These generalized displacements are proportional to the axial and shear forces as well as the bending moment in the structure, respectively. Interaction between the springs is neglected in this first approach, even though more complex elastic hinges have been also used in vibrating problems involving structural elements, see [23] among others.
Each notch divides the structure into two adjacent elements. The differential equations of motion are established for each segment of the parabolic arch. After imposing boundary conditions and compatibility conditions at the notched cross-sections of the arch, the solution of the investigated problem can be derived.
The solution procedure for the fundamental system of equations starts from the strong formulation of the problem. The numerical method is focused on the GDQ method and Generalized Differential Quadrature Element (GDQE) techniques. The GDQ method is an extension of the original Differential Quadrature (DQ) method introduced in [24, 25] . This procedure was followed and extended in [26] [27] [28] [29] [30] [31] [32] . Some researches coupled a method applicable to single domains with finite element methods. The GDQ method was developed in [33] . Due to the extremely simple mathematical formulation of the technique, several papers [34] [35] [36] [37] followed. Other papers about domain decomposition and GDQ were published recently [38] [39] [40] .
It is worth mentioning that the effect of cracked beams on the dynamic behavior of beams and like structures has been investigated by a number of authors [41] [42] [43] [44] . In all the above structures the cracks are always considered open and the crack does not propagate during vibration. In the analyses in [45, 46] , the cracks are also considered open. Numerical modelling for evaluating the stress intensity factors have been proposed, for instance, in [47, 48] .
Moreover, dynamic non-destructive damage detection methodologies have been proposed for straight beams [49, 50] , curved beams [51] , plates [52] and for truss structures [53] , among others.
Following the introduction above, a brief review of the GDQ method is given in Section 2 of this paper. The formulation of the problem and the basic equations are reported in Section 3. The fundamental system of equations for the parabolic arch is derived according to Hamilton's principle. Section 4 deals with damage modeling. In Section 5, where the most original part of the present study is presented, the equations for the multi-stepped and multidamaged parabolic arch are reported both in analytical and discrete form. The terms involved in the parabolic arch equations are pointed out and their effect on the structural response are described in Section 6. Section 7 shows final remarks and conclusions.
Generalized differential quadrature (GDQ) method

GDQ review
The GDQ method will be used to discretize the partial space derivatives in the governing equations and boundary conditions. The Differential Quadrature (DQ) method was first presented in the early 1970s. Following the idea of integral quadrature in [25] was suggested to approximate in the partial or total derivative of a smooth function with respect to a variable by a weighted sum of function values at all discrete points in the direction involved by the variable under consideration. The GDQ approach was developed by Shu [33] to improve the DQ technique for the computation of weighting coefficients. It is noted that the weighting coefficients are not related to any special problem and only depend on the grid points and the derivative order. In this methodology various grid distributions can be chosen. Thus, the n − th order derivative of a function f (ϑ) with respect to ϑ at a grid point ϑ i can be approximated with the GDQ approach as follows:
where α (n) ij are the weighting coefficients of the n − th order derivative at the i − th sampling point along the domain. N is the total number of the sampling points of the grid distribution and f (ϑ j ) are the function values at the grid points.
The weighting coefficients can be determined by the chosen interpolation rule. In the present study, Lagrange polynomial functions are adopted:
where:
By applying equation (2) at N grid points, it is possible to obtain the following algebraic formulations to compute the weighting coefficients α ij :
The weighting coefficients of the second and higher order derivatives can be computed from a recurrence relationship. A generalized higher order derivative can be written as:
Domain decomposition technique
Any problem of the theory of elasticity having a discontinuity in geometry, material or loading at any point of the domain, can be solved with the GDQ method by using the domain decomposition technique. The present approach was introduced for the first time in [54] . According to this method, the domain of the problem is, at first, divided into a certain number of sub-domains or elements. Then, the GDQ discretization is carried out on each sub-domain. The use of the GDQ method on each sub-domain, together with the use of the domain decomposition technique, is known as the GDQE technique in [30] . More general applications of the present approach include the mapping technique, which is used to map a generic element onto a computational space, in which the solution is carried out. The cited method merges the advantages of the GDQ method and the finite element method. Several complicating problems can be solved by this technique as shown in the papers [55] [56] [57] . Thus, the governing differential equations, the interelement conditions and the actual boundary conditions are defined in discrete form after application of the GDQE technique. Assembling all the discrete fundamental equations, the overall algebraic system can be obtained.
Fundamental system of equations
In this paper a Timoshenko parabolic arch is considered, since the shear deformable arch theory follows the theory of the straight Timoshenko beam. The arch center line in a curvilinear coordinate system and the coupling between axial and transverse motions are the main differences between the two theories.
Consider a parabolic arch referred to a global reference system OXY, as shown in Fig. 1a . Let us suppose that the system freely vibrates in the axis plane. The prismatic isotropic arch is characterized by the transverse section area A = A(ϑ), moment of inertia I = I(ϑ) about the principal axis of inertia of the arch cross-section, which is parallel to the Z-axis orthogonal to the X−Y plane, radius of curvature R = R(ϑ) and total angular width ϑ tot = |ϑ
The angle that the normal at a point P of the curve representing the arch-axis makes with the auxiliary axis of the parabola is denoted by ϑ. A local reference system Pxy is defined with respect to the tangent and the normal to the parabolic mid-line at the generic angle ϑ (see Fig. 1a and Fig. 1b ). During vibration, segments representing the cross-sections rotate about the mid-line points. The kinematics of the arch is thoroughly defined by assigning the tangential displacement u (ϑ, t), the normal displacement v (ϑ, t) and the rotation angle about the binormal axis φ (ϑ, t). Fig. 2 shows the parabolic arch with the locus of curvature centres (upon the which three points are highlighted) and the osculating circles for the corresponding points. Table 1 indicates the correspondence among circles, centres and radii under discussion.
Let us consider now a multi-stepped parabolic arch, which freely vibrates in its plane, with small oscillations around an unstressed initial configuration of equilibrium. The system consists of a sequence of ne consecutive seg- ments. Each arch portion is defined within the angle ϑ
N (e) and discretized into N (e) = N grid points as shown in Fig. 3 Arch Osculating Osculating Osculating point circle circle centre circle radius 1
The strain-displacement relations of the arch are determined using the definitions for the straindisplacements in a curvilinear (polar) coordinate system and can be written as:
where R (e) = R (e) (ϑ) is the radius of the e − th arch portion. In eq. (6) ε and denote the normal and shear strain components, respectively, whereas κ denotes the curvature. It is noticed that the strain-displacement relations (6) are valid for the small displacements hypothesis. Taking into account the axial-shear deformation effects and the rotatory inertia, the equations of motion are developed using Hamilton principle, which states that among the set of all admissible configurations of the system, the actual motion makes the quantity stationary, once the configuration of the system at the limits t = t 1 and t = t 2 is provided:
In (8) δU (e) , δT (e) and δW
e are the variations of the strain energy, kinetic energy and work of the external forces for the e − th element, respectively. The strain energy is given by:
}︁ dϑ (9) where:
and Λ = A χ , where χ denotes the shear factor. Analogously, the kinetic energy takes the form:
∂t dϑ (11) where ρ is the mass per volume unit, A (e) and I (e) are the area and the moment of inertia of the cross-section of the e − th arch segment and
]︁ T the generalized displacements vector. Finally, the work of the external forces is given by:
where
]︁ T is the vector of the distributed axial and normal forces and distributed moment along the length of the curved beam. The three differential equations of motion are obtained by substituting eqs. (9), (11) and (12) into (8):
It should be noted that in the case of circular arches the following terms of (13), which are the derivative with respect to ϑ, do not appear:
In other words, the formulation (13) allows one to take into account the variability of the radius and cross-section along the arch axis.
In addition, continuity and equilibrium conditions between the e − th and the (e + 1) − th arch portions at a generic angle ϑ must be introduced:
External boundary conditions are imposed at ϑ
1 and ϑ (ne)
N . If the arch extreme is clamped, then the boundary condition, for t > 0, takes the form:
If the arch extreme is hinged, the boundary condition, for t > 0, can be expressed in the form:
Finally, if the arch extreme is free, the boundary condition, for t > 0, assumes the aspect:
Damage modeling
As it is well known from [58] , damage in a beam introduces a local flexibility that affects its mechanical response. In order to study the behaviour of a damaged structure, a suitable model for the notched section is required. Hereinafter, the mechanical behaviour of the damaged section is reproduced as an ad hoc internal constraint characterized by three elastic spring constants simulating axial, transversal and flexural deformations (see Fig. 4 ). The damaged cross-section can be modelled by three massless springs [59] [60] [61] having axial Ka, normal K t and rotational Kr elastic stiffnesses that range from zero to infinite. Each spring stiffness can be related to the damage geometry, as discussed in [4] and [7] . Infinite spring stiffness means that there is no damage and material continuity is re-established. On the other hand, a spring stiffness of finite value signifies the presence of damage in the cross-section. The stiffness values considered turn in damage severity according to the following laws: (19) where EA D , GΛ D and EI D are the axial, transversal and bending stiffnesses of the notched cross-section and s dam is the longitudinal extension of the notch. As it can be read in [4] , when the damage does not extend for a long path the notch length can be calculated as
where R obs is the curvature radius of the osculating circle for the damage mid-point, and ∆ϑ is the opening angle of the notch. When a notch is located at a generic cross-section, between the e − th and the (e + 1) − th arch portions, the continuity conditions (15) are replaced by:
for t > 0. It is worth noting that in this study the axial and transversal stiffness of the modelled springs are also taken into account. From a computational point of view, when the notch appears at a generic angle ϑ
N of the e − th arch portion, then the arch portion is split into two parts and the corresponding equations of motions (13) must be written separately for the two parts, (ϑ A multi-stepped arch with an arbitrary number of notches can be considered by arranging, in a proper set, the boundary conditions (16), (17) or (18) and the continuity conditions (15) or (20) between two consecutive segments.
Analytical statement of the problem and numerical implementation
Analytical statement of the problem
Let us firstly consider the case of a multi-stepped arch in its undamaged configuration. The governing equations of free vibrations are given by the coupled system of partial differential equations (13), with boundary conditions (16)- (18) in the case of Clamped-Clamped, Hinged-Hinged or Clamped-Free ends, respectively, and with the continuity conditions (15) . We seek solutions that are harmonic in time and characterized by frequency ω; then, in each arch portion, the displacements and the rotation can be written as:
for ϑ ∈ [ϑ 
Numerical implementation
The aforementioned assumptions allow us to write the equations of motion in discrete form, transforming every derivative space into a weighted sum of nodal values of dependent variables by applying the GDQ procedure. Each equation is valid in a single sampling point belonging to one of the arch segments. For the generic arch portion "e" and its interior sampling points, i = 2, 3, · · · N (e) − 1, the governing eqs. (13) can be discretized as follows:
In (22), the variable α has superscripts (that denote the order of the weighting coefficient and the element processed) and subscripts (that indicate the processed point). Furthermore, it appears from (22) that the discretized equations are different from the ones reported by [21] for the circular arch.
Applying the GDQ methodology, the discretized forms of the boundary conditions are given below: -Clamped edge boundary condition:
-Hinged edge boundary condition:
-Free edge boundary condition:
It is worth noting that j = 1 · · · N while i and e can assume the following values: i) i = 1, e = 1 when the constraint is applied at the left end of the arch; ii) i = N, e = ne when the constraint is applied at the right end of the arch.
For each discontinuity the jump conditions (20) are:
It is noted that, in the case of circular arches, the last three equations yield R 1 = R N (e) = R. For parabolic arches the radius is not constant, and varies along the arch. The subscript of variable R, which denotes the radius of curvature, represents one of the innovative aspect of the present paper.
In presence of a damage, the first three equations (26) must be re-written as:
Applying the GDQE procedure in a similar manner to as it was presented in [62, 63] the whole system of differential equations can be discretized, and the global assembling leads to the following set of linear algebraic equations:
In the above matrices and vectors, the subscripts b and d refer to degrees of freedom of the boundary and the domain, respectively. In order to make the computation more efficient, kinematic condensation of non-domain degrees of freedom is performed:
The natural frequencies of the structure can be determined by making the following determinant equal to zero:
Numerical applications
In the present paragraph some results and considerations about the free vibration problem of damaged and undamaged multi-stepped as well as multi-damaged parabolic arches with different boundary conditions are presented. The natural frequencies for the circular arch reported in [21] are considered as a benchmark to test the reliability of the proposed formulation. The formulation for the parabolic arch is validated by comparing the code frequencies with those obtained by a commercial software. The coordinates of grid points are chosen as follows: 3 ) and the total number of sampling points used to discretize it, respectively. In the present work, the same number of sampling points N (e) = N for each sub-domain "e" is used. This sampling method is known as the Chebyshev-Gauss-Lobatto sampling point rule (31) . Combining Lagrange interpolating polynomials (2) with the Chebyshev-Gauss-Lobatto sampling point rule provides a simple and highly efficient numerical technique, as shown in details in [64] [65] [66] [67] .
Circular arches
Firstly, a circular steel arch is considered. The steel is modelled as an isotropic elastic material. The mechanical and geometrical properties of the considered arches are reported in table 2. The full amplitude of the symmetric arch is ϑ tot = 120 ∘ . Table 3 shows the first 10 eigenfrequencies for the analogous cases examined in [21] . Two examples are considered: Clamped-Clamped and Hinged-Hinged circular arch with constant rectangular cross-section (b = 
Undamaged parabolic arches
In this section, parabolic arches are examined. The mechanical properties of the arches are reported in table 2. Firstly, an undamaged parabolic arch is considered: table 4 shows the first ten frequencies for three different boundary conditions: Clamped-Clamped, Hinged-Hinged and Clamped-Free. The arch is characterized by a rectangular constant cross-section (b = 0.045m and h = 0.020m) and ϑ tot = 120 ∘ . The results are compared with those obtained by using ABAQUS (discretizing the arch by 676 quadratic line elements of type B22). A three-stepped parabolic arch is also investigated, in which the cross-sectional changes occur at 0.25ϑ tot and 0.75ϑ tot . It is noticed that 0.25ϑ tot does not correspond to 0.25s 0 , where s 0 is the arch mid-line length, since the axis of the arch is parabolic. The arch segments near the ends are characterized by the same thickness, 
Damaged parabolic arches
Finally, damaged parabolic arches are examined. The localized damage is introduced by placing a notch at the cross-sectional level. At first, a single notch in the key section is introduced, and the damage is modelled as elastic springs having only one degree of freedom each. Each spring only reacts to one translational displacement or rotation, as shown in Fig. 5 . The stiffnesses of the elastic hinges are Ka and K t for translational tangential or normal displacements and Kr for rotations. Numerical results are presented in Fig. 6 , where each of the curves shown refers, in turn, to the variability of the stiffness of one spring, whereas the other two springs are assumed to have infinite rigidity. Axial and normal elastic stiffnesses are expressed in [N/m], while rotational elastic stiffness measure units are [Nm] . The twelve curves shown in Fig. 6 range from 0 to 900 Hz. Each curve converges to a particular value (right part of the graphic) that represents the highest possible value for that mode and coincides with the vibrating frequency value for the pristine case (see table 6 for infinitive stiffness values).
It appears that the majority of the frequencies assume the lowest constant values (i.e. vibrating modes are practically independent of the notch severity) in the [0 − 10 4 ] stiffness range. Here, the vibrating modes can be defined as stiffness independent since stiffness increments do not cause any variation in frequency. On the other hand, material continuity is re-established for different stiffness values depending on the different modes (lower stiffness values for the first modes and higher stiffness values for the last modes). Frequencies assume the highest possible value when the spring stiffness is so high that there is practically no discontinuity. The discontinuity disappears for different stiffness values when different modes and kind of spring are considered. A peculiar aspect of the curves is the sensitivity that each one exhibits with respect to the particular stiffness Ka, K t and Kr. Between the lowest and the highest frequency values, a transit range exists. Its slope represents the notch sensitivity for that particular mode: for example, it appears that the axial stiffness variation involves the highest sensitivity. Therefore, it is possible to deduce that the notch sensitivity to the axial stiffness is higher than the other stiffnesses, which agrees with the mechanical behaviour of arches. Table 6 reports the beginning and the ending frequency values for the first 10 modes for each of the three plots, corresponding to K t = Kr = ∞, Ka = Kr = ∞ and Ka = K t = ∞. It is worth noting that the axial spring has the largest effect on the variation of the vibrating frequencies (Fig. 6) .
However, from Table 6 is can be seen that when the variation of Kr is taken into account, the variation of the rotational elastic hinge does not influence the odd frequencies due to the particular location of the notch (keysection). This can be seen in Fig. 7 , which shows the first six normal shapes for variation of the rotational stiffness Kr only. It is worth noting that the odd normal shapes 1, 3 and 5 are not affected by the stiffness variation of the elastic hinge.
In the end, the case of a Hinged-Clamped multistepped and multi-damaged parabolic arch (Fig. 8) is presented. The variation of the cross-sectional thickness is defined by the parameter a = 0.010 m, while the other dimension is b = 0.045m. Four arches are examined: a pristine one and three damaged cases with an increasing number of notched sections. It is worth noting that the frequency for each mode decreases monotonically when the number of notches increases. Numerical results are presented in table 7. Material properties are the same as those presented in table 2 and ϑ tot = 120
∘ . Fig. 9 shows the superimposition of the first normal shape for the four considered cases. Finally, for the sake of completeness, it is important to point out that the GDQE method, as opposed to FE method, does not require any mesh refinement in the proximity of the damage in order to obtain accurate solutions.
Final remarks and conclusions
In this paper, an analytical formulation for modelling the dynamic behaviour of multi-stepped and multi-damaged parabolic arches has been presented. The coupled differential equations of motion for the generic arch segment, in terms of normal displacement, tangential displacement and rotation have been established according to the Hamilton's principle. All the effects related to axial, shearing and bending deformations are taken into account in the motion equations, as well as in the damage modelling. The numerical results for undamaged and damaged structural configurations have been calculated using the GDQ method for several combinations of boundary conditions.
Various combinations of parabolic arch segments and different notches are considered to investigate the influence of the structural parameters on the response of the system, in terms of the natural frequencies and mode shapes.
It should be noted that convergence and stability characteristics of the GDQ procedure are not explicitly investigated in this study, since the convergence rate of the natural frequencies is very fast and the stability of the numerical procedure is very good, as shown for circular arches by [69] and [21] . As a matter of fact, very accurate results can be obtained by using merely a few grid points. This aspect can be observed in the papers [70, 71] .
With respect to the previously mentioned papers by the first author, the present study presents two main new findings concerning the form of the structure and the damage modelling. Regarding the shape of the structure, the parabolic arch model under investigation is a generalization of the circular one, which is characterized by a constant radius of curvature. In the case of a parabolic arch, the curvature radius has to be defined for each point of its axis, which can be represented by a general regular plane curve. The graphic representation of the curvature radius definition for each point is shown in Appendix A and the osculating circle at a point of the parabolic arch is involved, too.
As far as damage modelling is concerned, three elastic hinges represent the generalized elastic displacements of localized structural damage. These displacements correspond to the three parameters of movement of the kinematic arch model. It is noted that the foregoing papers of the first author, as well as papers of other authors, take only the rotational kinematic parameter into account. When the damaged parabolic arch is reduced to a circular one, and only the elastic rotational stiffness is modelled in evaluating the frequencies and mode shapes, the previously published results are obtained.
The local damage can be considered as a local stiffness reduction, represented by a combination of axial, normal and rotational elastic springs, that changes the dynamic behaviour of the structure. As mentioned before, much effort has been devoted to deal with the in-plane free vibration analysis of circular undamaged and circular damaged arch structures, but no one so far has investigated the parabolic multi-damaged arch.
Finally, two remarks can be made in relation to the damage modelling in arch structures. 1) The accuracy of equations (19) , used for estimating the stiffness values of axial, normal and rotational springs, depends on the as- sumed extension s of the damage. Actually, the longitudinal extension of the damage s should be considered as an additional unknown parameter to be determined by a comparison between experimental and analytical data. 2) Moreover, when a notch is located at a section in which a stiffness jump occurs, the damage must be considered as belonging to the part of the parabolic arch with reduced dimensions of the cross section. A deep and exhaustive investigation on the physical and mechanical motivation of the assumption at issue will be presented in a future paper by the authors. 
A Curvature radius for a regular curve of equation y = f (x)
In this appendix details of the implementation code are pointed out (Fig. A1 ). Generally speaking, the geometrical shape of a parabola is defined within three conditions. For sake of simplicity, the considered parabola (continuous line) is characterized by points A and B, and the vertex V is set in the origin of the coordinate system. The parabola equation is: y = ax 2 (A1) Figure A1 : Parabolic arch referred to a global reference system.
